We present an analytical proof of the characterisation of bivariate Archimax copulas in terms of the properties of their generating functions.
Introduction
A bivariate Archimax copula is a copula that can be represented in the form 
φ(s) + φ(t) A φ(s) φ(s) + φ(t)
, (1.1) where (i) φ is the generator of a bivariate Archimedean copula (see, e.g., [3, 4, 8] 
), namely a function φ : [ , ] → [ , +∞] that is continuous and convex, φ( ) = and strictly decreasing; (ii) A is a Pickands function, viz. A : [ , ] → / , is convex and is such that A(t) ≥ max{ − t, t}.
We recall that one recovers a bivariate Archimedean copulas when A ≡ and that, for φ(t) = − ln(t) with t ∈ ] , ], one obtains an extreme-value copulas.
Archimax copulas were introduced by Capéraà, Fougères and Genest in [1] , where the authors also proved that conditions (i) and (ii) ensure that a function of type (1.1) is indeed a bona de copula. Under additional regular conditions on the copula, another proof appeared in [11, Theorem 1] .
Then, Mesiar and Jágr [7] proposed an extension to dimension d ≥ of Archimax copulas and conjectured that this extension was a d-copula. Recently, Charpentier et al. [2] proved that conjecture by relying on the characterisation of the generators of Archimedean d-copulas given in [6] and on Ressel's characterisation of stable tail dependence functions [9] .
Here, we aim at providing another proof of the fact that conditions (i) and (ii) for φ and A, respectively, ensure that a function of type (1.1) is a copula. Such a proof relies on approximation results for generators of Archimedean copulas and Pickands functions that may be of independent interest.
The main result
We set φ( ) := lim t→ t> φ(t) .
Let φ (− ) denote the quasi-inverse of φ de ned by φ (− ) (s) = for s > φ( ) and by φ (− ) (t) := inf{x ∈ R : φ(x) ≥ t} for t ∈ , φ( ) ; note that φ (− ) (t) is the only value x such that φ(x) = t for t ∈ , φ( ) . If φ( ) = +∞, then φ is strictly decreasing and invertible, so that φ (− ) = φ − . As a matter of notation, if a function f is di erentiable in a closed, or half-closed, interval, say [a, b), we set f (a) := lim t→a,t>a f (t) and similarly for f (b) if need be.
We start by considering a special case. Proof. C φ,A satis es the boundary conditions for a copula; in fact, for every t ∈ I, one has C φ,A ( , t) = φ − (+∞) = , and
In order to prove that C φ,A is -increasing, it su ces to show that the function t → ∂ C φ,A (s, t) is increasing for every s ∈ I, since then one has, for every ≤ a < b ≤ and
Since φ is decreasing and convex, the denominator in the rst factor of this product is negative and increasing, so that the factor is negative and decreasing; therefore the product of the rst two factors is positive and increasing. The assertion will then have been established if one proves that the third factor is positive. For the sake of simplicity, set
then, for every s ∈ I, us : I → I is an increasing homeomorphism with us( ) = and us( ) = . We x s and write u rather than us. The function
is increasing if, and only if, so is the function
Because A is convex, and, hence A is increasing, both terms in this latter sum are positive, so that β(v ) − β(v ) ≥ and the assertion is proved.
In the following we shall eliminate the restrictions Theorem 2.1 poses on the continuous di erentiability of φ and A. 
which proves the assertion.
Lemma 2.2. For every Archimedean generator φ and for every n ∈ N there exists another Archimedean generator φn that is continuously di erentiable in ] , ], invertible, and which, for every t ∈ /n, , satis es the inequality
Moreover, φ − n converges uniformly to φ (− ) as n tends to ∞.
Proof. Since φ is convex, one can proceed as in the proof of Lemma 2. has length at most equal to min n , n kn . 
which shows the rst assertion. Finally, for sn, φn and t ∈ , φ(sn) , let α t,n = max{x ∈ Sφ,n,s n : φ(x) ≤ t} and β t,n = min{x ∈ Sφ,n,s n : φ(x) ≥ t}. Since φn and φ are decreasing and φ(α t,n ) = φn(α t,n ), φ(β t,n ) = φn(β t,n ), condition (*) implies
Moreover, for every t ∈ φ(sn), +∞ , since ≤ φ
n (t) and φ (− ) (t) ≤ sn < /n, one has
It follows that φ − n converges uniformly to φ (− ) in [ , +∞[.
The circle of ideas connected with the last lemma goes back to [5] .
We are now ready to prove the characterisation of Archimax copulas in the general case. Both terms in this latter expression tend to zero; this concludes the proof.
